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Abstract. Generalized Robertson- Walker spaces constitute a quite impor- 
tant family in Lorentzian geometry, therefore it is an interesting question to 
know whether a Lorentzian manifold can be decomposed in such a way. The 
existence of a suitable vector field guaranties the local decomposition of the 
manifold, but the global one is a delicate topological problem. In this paper, 
we give conditions on the curvature which ensure a global decomposition and 
apply them to several situations where local decomposition appears naturally. 
Finally, we study the uniqueness question, obtaining that the de Sitter spaces 
are essentially the only complete Lorentzian manifolds with more than one 
decomposition. Moreover, we show that the Friedmann Cosmological Models 
admit an unique Generalized Robertson- Walker decomposition, even locally. 



1. Introduction 

If / C R is an open interval, / G C°°{I) and (L, go) a Riemannian manifold, the 
product manifold I x L furnished with the metric g = —dt^ + f{t)^gQ is called a 
Generalized Robertson- Walker space, GRW space in short, and is denoted I x f L. 
These spaces were introduced in 1 and they have been widely studied since then. 
It is well known that if a Lorentzian manifold admits a timelike, irrotational and 
conformal vector field, then it is locally a GRW space, [H [15], but the presence 
of such a vector field does not allow us to decide if the decomposition is global, 
even in relatively simple manifolds, see example 12.61 This local decomposition ap- 
pears in many situations, but the analysis of the global one involves rather delicate 
topological considerations (^, page 118). 

In this paper we study purely geometric conditions to achieve a global decom- 
position as a GRW space. The key is to analyze the periodicity of the norm of the 
vector field along its integral curves, which is related to some sign properties of the 
Ricci curvature and to certain inequalities involving the lightlike sectional curva- 
ture. This allows us to give a global version of Karcher's theorem (an analogue to 
Schur's lemma). 

We apply the above ideas to obtain global GRW decompositions from local ones. 
For example, any Robertson- Walker space is a perfect fluid, so it is natural to find 
out under what conditions a perfect fluid is a Robertson- Walker space. For this, the 
pressure and density functions must be related by a second order differential equa- 
tion and the theorem obtained is of a singularity flavor, i.e. the manifold is globally 
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a Robertson- Walker space or it is incomplete. Other situation is suggested by pho- 
ton surfaces in General Relativity, which are timelike totally umbilic submanifolds, 
[3j. In a local GRW space, photon surfaces inherit the local GRW structure of the 
ambient space. We study how far they are in fact global GRW spaces. 

Finally, we investigate the GRW decomposition uniqueness obtaining that the 
de Sitter spaces are the unique complete Lorentzian manifolds with more than one 
(with non constant warping function) GRW decomposition. On the other hand, 
in a non necessarily complete manifold, if the ligthlike sectional curvature is not 
zero for any degenerate planes at a point p, then there is at most one local GRW 
structure in a neighborhood of p. 

The non complete case is interesting in Cosmology. In fact, Friedmann spaces 
are incomplete GRW spaces with a distinguished family of comoving observers 
which physically represents the average evolution of the Galaxies in the spacetime. 
From a mathematical point of view, comoving observers are the integral curves 
of the unitary of a timelike irrotational and conformal vector field which gives 
the global decomposition as a GRW space. Since the ligthlike sectional curvature 
of the Friedmann spaces is always positive, this decomposition is unique, even 
locally, which means that the Friedmann mathematical representation of the Galaxy 
evolution is unambiguous. 

2. Global Generalized Robertson- Walker decompositions 

Let (M, g) be a connected Lorentzian manifold with dimension n > I and E a 
timelike, unitary, complete and irrotational {curl E — 0) vector field. We call $ the 
fiow of E, oj the metrically equivalent one-form to E and Lp the orthogonal leaf 
through p E M. It follows that Leco = d o i^u) + is o dui ~ 0, thus $ is foliated, 
i. e. $f(Lp) C L^^f^p) for all t S K, and the map <&: M x Lp ^ A/ is a local 
diffeomorphism which is onto for all p € M . Usually, we will drop the point of Lp 
and will write simply L. Since 4> identifies ^ with E, we have $*f/ = —dt^ + gt, 
where gt is a metric tensor on Lp for each t G M and go = g\^ ■ 

Lemma 2.1. If E is a timelike, unitary, complete and irrotational vector field, 
then the map $ : (M x Lp, —dt^ + 9t) ^ (^^i <?) "Is a Lorentzian covering map for all 
p G M. 

Proof. Let a : [0, 1] — > M be a geodesic and (to,a;o) G M x Lp a point such that 
^{to,xo) — (7(0). We must show that there exists a lift a : [0, 1] ^ R x Lp of cr 
through $ starting at {to, xq), [12]. There is a geodesic a : [0, sq) ^ M x Lp, a{s) — 
{t{s), x{s)), such that ^oa = a and a(0) = {to, xq) because $ is a local isometry. If 
we suppose sq < 1, there is a geodesic {ti{s),xi{s)) such that $(ii (s), xi{s)) = a{s) 
with s G (sq — e. So + s). Then, in the open interval (sq — £, sq) it holds 

<i>(<(s),x(s)) =<i>((ii(s),xi(s)). 

Differentiating and using that $ is foliated, it is easy to see that ti{s) — t{s) = 
c G M. Therefore it exists lims^s,, a{s) and the geodesic a is extendible. □ 

Let i : L ilL be the inclusion map. The induced maps in homotopy i^ and 
are equal, thus i^ is injective and tti{L) may be considered as a subgroup 
of wi{M). On the other hand, $ is injective (and thus a global isometry) if and 
only if an integral curve of E meets the orthogonal leaves at only one value of its 
parameter. This fact will be used frequently in this paper. 
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Lemma 2.2. Let [M,g) he a non compact Lorentzian manifold and E a timelike, 
unitary and irrotational vector field with compact orthogonal leaves. Then M is 
isometric to [I x L, —dt^ + gt), where I CZR is an open interval and L is a compact 
Riemannian manifold. 

Proof. Let A be the domain of $ (the flow of i?), L an orthogonal leaf and (a, 6) C K 
the maximal interval of R such that (a, 6) x L C A. We claim that it is the maximal 
definition interval of each integral curve with initial value on L. Indeed, suppose 
that $f(po) is defined in (a, 6 + 5) for some po S L. There is a r; e K such that 
(-?7,7y) X L<i,^(p(,) C A. Since i<i>^(po) is compact, $_2 : icE,,(po) ^■i',_2(po) is 
onto, and therefore a diffeomorphism. Now, for an arbitrary p G L, $t(p) can be 
defined in (a, b + rj) and we obtain a contradiction. 

If there were {to,p) e {a,b) x L such that ^{to,p) e i, 7^ 0, then Af = 
^te[o,to]^t{L), and it would be compact. Therefore $ : (a, 6) x L ^ M is an 
injective map and we obtain the desired result. □ 

In the above proposition, if E is complete and a leaf is compact, then all leaves are 
compact, since given Lp and Lq there is a parameter i g R such that $t : — > Lq 
and it is a diffeomorphism. In this situation (a, b) = R. 

The following lemma is proved in a general form in '13j , but it does not include 
an explicit expression for the warping function. 

Lemma 2.3. Let I dM. be an open interval, L a manifold and g a metric on I x L 
such that the canonical foliations are orthogonal. If E ^ is timelike, unitary 
and orthogonally conformal, then g is the twisted product —dt^ + fit, q)^go where 
f{t,q) = exp(Jp d^'"E{^^^,q) _ g^^^ jj moreover VdivE is proportional to 

E, then g is the warped product ~dt^ + f{t)'^go where f(t) = exp(Jp <iivE^s,q) ^^^^ 
being q a fixed point of L. 

Proof. Since E is orthogonally conformal, LEg{X,Y) = 2ag{X,Y) for all X,Y G 
E-^, where a = Fix q £ L and identify it with {0,q). If we take v,w £ TqL 

and call h(t) = g[^t,,{v),<^t„{'^)) then h'{t) = 2a($t(g))/i(t). Therefore 

/ /"* divE(s,q) , \ , 
5((0t, Vq), (Ot, Wq)) ^ exp 12 J ^ ds 1 g{v, w). 

If E is proportional to E then div E is constant on L and the lemma follows. □ 

A timelike, irrotational and conformal vector field is characterized by the equa- 
tion V xU = a X for all vector field X, where a is certain function. We call A = \U\ 
and E ~ ^ from now on. 

Lemma 2.4. Let U be a timelike, irrotational and conformal vector field. Then 

(1) V xU = E{X)X for all vector field X and X is constant trough the orthog- 
onal leaves of U . 

(2) If h is a constant function through the orthogonal leaves of U , then E{h) is 
constant through the orthogonal leaves of U . 

(3) E is irrotational, orthogonally conformal andVdivE is proportional to E. 

Proof. It is a straightforward computation. □ 

Corollary 2.5. Let {M,g) be a Lorentzian manifold and U a timelike, irrota- 
tional and conformal vector field with complete unitary E. Then the map $ : 
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(K X Lp, —dt^ + f{t)^go) (M, g) is a Lorentzian covering for all p G AI , where $ 
IS the flow ofE and f{t) = 

Proo/. Apply lemmas 01231 and O □ 

However, the global GRW decomposition is not guaranteed by the existence of 
such a vector field, as the following example shows. 

Example 2.6. Take M — S^ x furnished with the Lorentzian metric 
g=[l + i?e(e*(*-")))dt2 + 2(3 + Re{e'^'-''^))dtdx + 
(1 + i?e(e'(*-^)))da;2 + (4 + 2Re{e:'-'-^^))dy^ . 

The vector fieldU — f(t,x){^ — -^), where f{t,x) = \/2 + i?e(e''(*^^)), is timelike, 
irrotational and conformal. In fact, take the orthogonal basis {Xi, X2, X3} where 
= f ~ = f + ^ anrf X3 - ^. Stnce [X,,Xj] ^ 0, U = fX^ 

and X2{f) = Xj,{f) ~ Q we can use the Koszul formula to show that — 
Xi{f)Xi for i = 1,2,3. Now, ^{t) = (e**,— t, 0) is an integral curve of Xi and 
L =^ {{e",x,y) : {x,y) e M^} is an orthogonal leaf of U . The curve 7 intersects L 
in two different point for t — Q and t = 27r. Hence M is not a global GRW space. 

Now we obtain a global decomposition result which will be used later. 

Proposition 2.7. Let M be a Lorentzian manifold and U a timelike, irrotational, 
conformal and non parallel vector field with complete unitary. Suppose one of the 
following is true 

(1) divU>0 (or divU < 0). 

(2) Ric{U) < 0. 

(3) A\U\ < 0. 

Then M is isometric to a GRW space. 

Proof. Take L an orthogonal leaf and 7(t) an integral curve of E with 7(0) € L. 
If 7 returned to L then X{^(t)) would be non constant and periodic, since $t is 
foliated and A is constant through L. This is a contradiction if we suppose case one 
or two. 

Now we suppose AA < 0. A direct computation gives us — AA = E{E{X)) + {n — 
1)^^, thus if z{t) = In ^ggg we get < z" + {n-l)z'^. Since A(7(<)) is periodic 
and non constant there exists tg < ti such that z'{to) — z'(ti) — and z'{t) ^ 
for all t £ {to,ti). Suppose that z' > in (^0,^1) (the case z' < is similar). Then 
for alH e {to + e,ti), where e is small enough, we get 

Jto+e ^ Jto+e 

Thus jij^j < {n — l){t — to — e) + and we get a contradiction taking 

t^ti. 

Therefore, in the three cases, the covering map $ : M x L ^ Af is injective and 
corollary 12.51 finishes the proof. □ 

Remark 2.8. It is clear that we can drop the hypothesis U non parallel in the above 
proposition taking strict inequalities. On the other hand, if a GRW space R x y L 
verifies Ric{^) > then f is constant and ^ is parallel, [15] . Hence we can not 
suppose Ric(U) > instead of Ric{U) < in the above proposition. 
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In [llj it was proven that a complete Lorentzian manifold with non negative 
constant scalar curvature which admits a timelike, irrotational, conformal and non 
parallel vector field is isometric to a global GRW space. Now we can get decompo- 
sition theorems on Lorentzian manifolds using Ricci curvature hypothesis. 

Theorem 2.9. Let M be a complete and non compact Lorentzian manifold with 
n > 3 and U a timelike, irrotational, conformal and non parallel vector field. If 
Ric{v) > for all v e U'^ then M is isometric to a GRW space M. x L. Moreover, 
if\U\ is bounded from above then L is compact. 

Proof. If AA < then we can apply proposition 12.71 Suppose that there exists a 
point p G M with AA(p) > and call L the leaf through p. Take z G L and v € T^L 
an unitary vector. Since M is locally a warped product, a direct computation gives 
us 

RiCLiv) = RiCMiv) - J (^EiEiX)) + [n - 2)^^) ■ 

Then RicL{v) > (e{E{\)) + {n - l)^^^ = ^(^)- But A and AA are con- 
stant through the orthogonal leaves, thus RicL{v) > ^{p) > for all unitary 
V e TL. Using the completeness of M and the theorem of Myers we conclude that 
L is compact. Lemmas 12.21 and 12.31 gives us that M is isometric to a GRW space. 

Suppose now that A is bounded from above. It is sufficient to show that there is 
a point p G M such that AA(p) > 0. Suppose that AA < 0. Since E is complete, 
X = X^E is complete too. Indeed, if 7 is an integral curve of E and /3 = 7 o /i of 
X, then the function h verifies the equation h'{t) = X"{'-f{h{t))) which has maximal 
solution defined on the whole M due to the boundness of A. Now 

AA > -E{E{\)) - = -±-XiXiX)). 

If /3 : M — !■ M is an integral curve of X and y{t) = X{f3{t)) then < y" and it is 
bounded from above. Therefore y is constant and U would be parallel. □ 

E( E( X)) 

In the above theorem, if dim M = 2 then < Ric{v) = ^ " = —Ric{U) for 
all unitary v e and proposition 12.71 gives us the global GRW decomposition. 

If Ric{u) > for all timelike vector u then it is said that the timelike convergence 
condition holds (TCC) and if Ric{u) > for all lightlike vector u then it is said 
that the null convergence condition holds (NCC). 

Theorem 2.10. Let M be a complete and non compact Lorentzian manifold with 
n > 3 and U a timelike, irrotational, conformal and non parallel vector field. If M 
satisfies the NCC then it is isometric to a CRW space. 

Proof, het h : M R be given by /i = E{E{\)) - We consider two 

possibilities: there exists p G M with h{p) > or h{q) < for all q G M. 

Assume the second one and take 7 : R — > Af an integral curve of E. The function 
z(t) = In verifies z" < 0. Therefore 7 can not return to i-,.(o) and M is 

isometric to a GRW space f corollary 12. 5p . 

Suppose now that there exists p G M such that h{p) > and take L the leaf 
through p. li V G T^L is an unitary vector then v + E^ is lightlike and a straight- 
forward computation gives us 

< Ricm{v + E,) = Ricl{v) + ^ - E{E{\)) 
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Then we get j(^h{z) < RicL{v). But A and h are constant through the orthogonal 
leaves. Hence < x^/j(p) < RT'Cl{v) for all unitary v E TL and we can conclude 
as in theorem 12.91 □ 



Corollary 2.11. Let [L^go) he a non compact and complete Riemann manifold 
and M = x L endowed with a warped product metric —dt^ + f{t)^go. If the NCC 
holds then f is constant. 

We can not suppose the less restrictive TCC condition in the above theorem 
because U would be parallel, see remark But the TCC condition can be used 
to obtain a GRW decomposition in a necessarily incomplete manifold. 

Proposition 2.12. Let M be a Lorentzian manifold and U a timelike, irrotational, 
conformal and non parallel vector field with compact orthogonal leaves. If Ric{U) > 
then M is isometric to a GRW space (a, b) x L where (a, b) ^ K. 



Proof. We can prove in the same way as in lemma 12^ that the integral curves with 
initial value on an orthogonal leaf L all have the same maximal definition interval, 
say (a, 6). Since E{E{X)) < and A is not constant it follows that (a, 6) 7^ M. 
Then, necessarily $ : (a, 6) x L ^ M is a diffeomorphism and lemma [^751 finished 
the proof. □ 

The Closed Friedmann Cosmological Model is an example of a manifold satisfying 
the hypotheses of the above proposition. 

Causality hypotheses are frequently used in Lorentzian geometry, besides curva- 
ture hypotheses. Since the injectivity of $ depends on the behavior of some timelike 
curves it seems natural to impose a causality condition to reach global decompo- 
sitions. However, a hard condition as being globally hyperbolic is not sufficient to 
obtain a global product, as the following example shows. 

Example 2.13. (Compare with proposition 2 in ^) Take M — with the metric 
—dt^ + f{t)'^dx^ , where f{t) — 4 + sin(27rt). Call T the isometry group generated 
by vE'(t,a;) = {t + 1, x + 1) and II : M ^ M — M /T the projection. The vector 
field U — Iii,{f ■^) is timelike, irrotational and conformal. The manifold M verifies 
any causality condition. In fact, T\{{{t,x) : t — x}) is a Cauchy hypersurface. But 
M does not split as a GRW, since any integral curve of E = intersects its 
orthogonal leaves at an infinite number of points. 

With the chronological hypothesis we can obtain certain information about the 
fundamental group of the manifold. First we need the following lemma. 

Lemma 2.14. Let M be a Lorentzian manifold and U a timelike, irrotational and 
conformal vector field with complete unitary E. If there exists > Q and p E M 
such that (p) € Lp, being $ the flow of E, then 

(1) ■ M — > M is an isometry. 

(2) // M is chronological, then the isometry group F generated by $4^, is iso- 
morphic to Z and acts on M in a properly discontinuous manner. 

Proof. (1) Since U is irrotational and conformal it follows that LEg{X,Y) = 
^^^giX,Y) for all X,Y € E^. If we take v,w e TgM with v,w € E-^ and 
call h{t) = g{^t,g{v),^t,g{w)), then the above equation can be written as h'{t) — 
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2^^/i(i), where X{t) — A($t(p)), and thus h{t) = (^-^nj) gi^Tw). Since A is con- 
stant through the orthogonal leaves, we get g{^to,g{v),^to,q{'w)) = g{v,w). Now, 
using that $t is foliated, it is easy to conclude that : M ^ Af is an isometry. 

(2) Suppose that the manifold is future oriented by the vector field E. We will 
construct for each q G M an open set U oi q such that $„fo([/) n J7 = for all 
neZ-{0}. RecaU that $ : R x / ^ M is a local isometry with f{t) = 
(corollary [23]). Take k = max{f{tf/t(^ [-^c^o]} and the baU W = B{q, ^) C 
Lq, where e < \s small enough to $ : (— e,e) x j 14^ ^ [/ be an isometry and 
W a normal neighborhood of q. Given <&<,(z) G ?7, with z = expq{v) G W and 
s S (— e,e), we can construct future timelike curves for t G [0, 1] 



a{t) - $(|(i-l),exp^((l-i)«)) 
/3(t) = $(kexp„(to; 



.2 

from <i>_s(z) to q and from g to ^^{z) respectively. 

li x,y G [/ with y — ^nto i^) and rt G N, then using the above curves, we 
can construct a broken closed timelike curve, in contradiction with the chronology 
hypothesis. Thus, ^ntoiU) n f/ = for all n G Z - {0}. 

Take the Riemannian metric gjj = g + 2lu uj. The group F is a group of 
isometrics for gn too. Since gn is Riemannian, the existence of the above open 
set U for each q G M is sufficient to show that the action of F in M is properly 
discontinuous. □ 

Theorem 2.15. Let M be a chronological Lorentzian manifold and U a timelike, 
irrotational, conformal and non parallel vector field with complete unitary. Then 
M is a global GRW space or there is a Lorentzian covering map ^ : M ^ §^ x 
and 7ri(M) = Z 7ri(i), where L is an orthogonal leaf of U. 

Proof. Suppose M is not a GRW space. Then there is p G Af such that div Up > 
(proposition 12. 7p and the integral curve ^p{t) of E returns to L, the leaf of E-^ 
through p. We fix this p throughout the proof. Take to = ini{t > : $p(i) G L} 
and call X{t) — A($p(t)). Since A'(0) = E{X)p ~ ^divUp > and A is constant 
through the orthogonal leaves, we have to > and it is a minimum. Indeed, suppose 
it is not and take a sequence tn with to < i„, $p(t„) G L and limn^ootn — to. Since 
X'{tn) = A'(0) for all n G N, it follows A' (to) > 0, but this is a contradiction with 
A(tn) = A(0) for all n G N and therefore $p(io) G L. Applying the above lemma, F 
acts on M in a properly discontinuous manner. 

Take the quotient manifold A//F and the canonical projection P : M ^ AI/T. 
Since preserves the vector field U, there is a timelike, irrotational and conformal 
vector field W on M/F such that P*{U) = W. If we call F = then its integral 
curves are P(<I>t(x)). Thus it is easy to check that the integral curves of F intersect 
the leaf of given by = PiL) at only one point and they are io-periodic. Then, 
from the Lorentzian covering (Kx A^, —dt^ + f^g^) M/T given in corollarv l2.5l we 
can construct an isometry (§^ x N, —dt^ + f'^gN) M/T. With this identification, 

P : Af ^ §1 X iV is given by P($t(a;)) = (e^"'^ , P(x)), for all a; G L and t G K. 

Now, 7ri(A/) is isomorphic to the kernel of the map 8 : 7ri(§^ x N) F given by 
e([7]) = $„to where <^ntoip) = 7(1) and 7 is a lift of 7 through P : A/ ^ x TV 
starting at p, [7]. Identifying F and 7ri(§^) with Z, the map Q verifies 6(n, [0]) — n 



8 



MANUEL GUTIERREZ AND BENJAMIN OLEA 



and 0(0, [7]) = n, where ^ntgip) — 7(1) and 7 is a lift of 7. Since the isometry 
: M M can be restricted to an isometry : L ^ L, it is easy to show that 
the restriction oi P to L, Pq : L ^ N is a. normal covering map with F ~ Z as deck 
transformation group, hence 7ri(iV) — Z©7ri(i), [7J. Notice that this identification 
works as follows: If a is a curve in L from p to tf>to(p) then [Pq o a] £ Tri{N) 
is identified with (1,0) e Z x iti{L) and (0, [/?]) e Z x ni{L) is identified with 
[Pq o /?] G TTi{N). Taking into account all these identifications wc can consider 
e : Z e^Z e 7ri(L) Z. It is easy to show that 6(1,0,0) = 9(0, 1,0) = 1 and 
9(0,0, [/?]) = for [P] e 7ri(L) . Therefore 

KerQ = {{n,~n, [/?]) : n £ Z , € 7ri(i)} ~Z®ni{L). 

□ 

Recall that M is isometric to a GRW if and only if tti{L) = tti (M) . This theorem 
says that if M is chronological only two possibilities can occur: tti{M) = tti{L) or 
7ri(M) = Z® 7ri(i). 

3. Perfect Fluids 

A Lorentzian four dimensional manifold M is called a perfect fluid if there is 
an unitary timelike vector field E and p, ?7 G C°°(M) (the energy and pressure) 
such that the stress-energy tensor is T = (p + 77)0; (8) w + ??<?, or equivalently Ric = 
{p + r])uj ® w + |(p — 'r])g. It is well known that any Robertson- Walker space is a 
perfect fluid, [T2]. More specifically, if we denote p' and 77' the derivative along E, 
we have 

Lemma 3.1. A GRW spacetime is a perfect fluid if and only if it is a RW space. 
Moreover, if p + ^ then 

-(p + 3ry). 



^p + rj J 3 \p + ri J 2 
Proof. It is a straightforward computation. □ 

A natural question is what conditions on a perfect fiuid make it a global Robertson- 
Walker space, [5l [S] ■ Using the decomposition theorems of the previous section we 
can give an answer to this question. First we need a preliminary lemma. 

Lemma 3.2. Let M he a complete Lorentzian manifold and E a timelike, unitary, 
irrotational and orthogonally conformal vector field with Vdiv E proportional to E. 
Then there exists an irrotational and conformal vector field U such that E = . 

Proof. If n : 7\f M is the universal covering of Af and E the lift of E then M 
decomposes as M x y Z where E = Let ^{t,p) = {A{t,p), B{t,p)) be a deck 
transformation. Since it is an isometry and preserves E, it is easy to show that 
ip(t,p) = {t + k, B{p)) and ^^^^^^^ = o- for all i € R, being a and k certain constants. 
Since A/ is complete, [15] 

00 = / f{t)dt = V a" / f{t)dt 







n=0 



00 = / /(t)dt-^a-"-i / f{t)dt. 

n=0 
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Thus a = 1 and f{t + k) f{t) for all t e M. The vector field U = is irrotational 
and conformal and it is preserved by the deck transformations. Thus there exists a 
vector field U on M irrotational and conformal such that E ~ □ 

Example 3.3. The above lemma does not hold if M is not complete. Consider 
M — Wx M^, with the metric g — ~dt^ + e*(dx'^ + dy^), and T the isometry group 
generated by (j){t, (x, y)) — + 1, 6^2(3;^ y)). Then there exists a vector field E on 
M — M /T which verifies the hypotheses of the lemma but there is not U irrotational 
and conformal with E = yjjj. Otherwise, the lift to M of U would be e^^, which 
is not invariant under the action ofT. 

A perfect fluid is called barotropic if it satisfies an equation of state rj = ry(p). 
Observe that in a RW perfect fluid R x / L both functions 77 and p can be expressed 
in terms of the warping function /, [12j . and therefore it is barotropic in the open 
set ^ 7^ 0. The following theorem shows that this condition together with the 
relation between the energy and the pressure obtained in lemma I5TT] give rise to the 
global decomposition as a RW space. 

Theorem 3.4. Let M be a non compact spacetime with a barotropic perfect fluid 
{E, p, 77) such that E is geodesic, ^ 7^ 0, ^ Q, p + rj ^ and p > is not 
constant. If 

\P + Vj i \P + Vj 2 
then either M is incomplete or a global Robertson- Walker space. 

Proof. We first show that E is irrotational, that is, dui = 0. From the force equation 
g{X, Vry) = —{p+rj)V eE for all X E E^ we get drj — hw, being h certain function, 
and 

-X{h) = XisiE, Vt?)) = giE, V^Vr/) = Ve^v) = 0. 

Hence = dh A u + hduj — hduj. Thus, to show dujp = it is enough to consider a 

critical point p of ij. Call ?/(<) = vili^)) a^nd p{t) = p{-f{t)) where 7 is the integral 

curve of E with 7(0) = p. Then 77' = if and only if p' = 0. If p'{t) = for all 

,2 

t e (— e, e) then p + Sr/ = in contradiction with ^ 0. Thus there is a sequence 
tn converging to with p'{tn) ^ and therefore diOp = 0. 

Now, the endomorphism A : E^ E^ given by A{X) = V xE is self-adjoint 
and a straightforward computation give us Ric{E) = —E{div E) — || From this 
and the energy equation div E — — , we get 

\\A\? = (^)- \{p + 'iv) = \ = \{trace Af . 

\P + VJ 2 3 \p + r]J 3 

Then A = '''^ ^ id and E is orthogonally conformal. It follows from the energy 
equation that div E is constant through the orthogonal leaves, hence Vdiv E is 
proportional to E. Suppose M is complete, then lemma [22] says that there exists 
U irrotational and conformal such that E = If U were parallel then M would 
be locally a direct product, which implies that p is constant, [12j . 

Now, using the expression of the Ricci tensor of a perfect fluid at the beginning 
of this section, if p + 77 < apply theorem 12.91 and if p + 77 > apply theorem 
[2J01 □ 
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4. Lightlike sectional curvature of a Lorentzian manifold 

Let M be a Lorentzian manifold and E a tinielike and unitary vector field. We 
can define a curvature for degenerate planes as follows, [S]. Take H a degenerate 
plane and a basis {u, v}, where u is the unique lightlike vector in H with g{u, E) ~ 1. 
We define the lightlike sectional curvature of H as 

/Cij(ii) = r . 

g{v,v) 

This sectional curvature depends on the choice of the unitary timelike vector 
field E, but its sign does not change if we choose another vector field. In fact, if E' 
is another unitary timelike vector field then /C£/(n) = g(u^E')^ ^EO^) where u e 11 
is the unique hghtlike vector such that g{u,E) = 1. Thus, it makes sense to say 
positive lightlike sectional curvature or negative lightlike sectional curvature. 

If E is geodesic, n > 3 and JCe is a never zero point function then M is locally 
a Robertson- Walker space where E is identified with ^ , [51 HH] ■ Therefore E is 
irrotational, orthogonally conformal and 'S/div E is proportional to E and it follows 
from lemmas [^Tl and [^751 that M is covered by a RW space R x L. As an application 
of the decomposition results presented above, we obtain conditions on the lightlike 
sectional curvature which ensure the global decomposition of M as a Robertson- 
Walker space. First, we give some relations between lightlike sectional curvature 
and Ricci curvature. 

Lemma 4.1. Let M be a Lorentzian manifold and E a timelike and unitary vector 
field. Ifu is a lightlike vector with g{u, E) = 1, then Ric{u) — K,E{span{u, Ci)) 

where {ei, e„_2} is an orthonormal basis of H E-^ . 

Lemma 4.2. Let AI = I x f L be a GRW space and u a lightlike vector such that 
g{u, ^) ==1. If u — — ^ -\-w,w^ TL, and H — span(u,v) is a degenerate plane 
then /C_a_(n) = ^ (span{v,wy)+f ~f f ^ where is the sectional curvature of L. If 

dt J 

moreover L has constant sectional curvature then Ric{u) = (n — 2)/C^(n). 

Proof. It is a straightforward calculation. If L has constant sectional curvature, 
then ICa_ is a point function and the above lemma gives us Ric{u) = (n — 2)/C_a_(n). 

dt dt 

□ 

Lemma 4.3. Let M = M. x f L be a GRW space. If AI is lightlike complete and 
Ric{u) > for all lightlike vector u, then RicL{v) > for all v G TL. 

Proof. Suppose there is w G TL unitary such that Ric^iv) < 0. Then 
< Rtc{- + v)^ Ricl{v) + -p Uj - f" 

If we call y = In/ then y" = ^ ^^J < 0. We can suppose y'{0) > 0. Now, 

/°^e*' < /°^e«'(°)*+2'('') < oo and we conclude from [H] that M is lightlike 
incomplete. □ 

Proposition 4.4. Let AI be a non compact and complete Lorentzian manifold with 
n > 3 and E a timelike, unitary and geodesic vector field. If the lightlike sectional 
curvature ICe is a positive point function, then AI is a RW space M x L with L of 
constant positive sectional curvature. 
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Proof. As we said at the beginning of this section, M is covered by a RW space 
M X L. From lemmas [4.21 and l473l L has positive constant curvature and therefore 
is compact. Now, we apply lemma □ 

Theorem 4.5. Let M be a non compact and complete Lorentzian manifold with 
n > 3 and E a timelike, unitary and geodesic vector field. Suppose that the lightlike 
sectional curvature JCe is a never zero point function such that :^^^Ric{E) < JCe- 
Then M is isometric to a Robertson-Walker space. 



Proof. From lemma 13.21 there exists U irrotational and conformal such that E = 
If t/ were parallel then Ric{E) — and the above proposition give us the 

desired result. If U is not parallel, take v,w E E^ unitary and orthogonal vectors. 
Then 11 — span{~E + w,v) is a degenerate plane and applying lemma [4?2l we get 
Ric{-E + w) = {n- 2)JCe{^). Since M is locally a RW space, Ric{-E + w) = 
Ric{E) + Ric{w). Therefore Ric{w) > for all w G E-^ and we can apply theorem 

?m □ 

5. Timelike hypersurfaces of a local GRW space 

Spacelike hypersurfaces are widely studied in General Relativity due to their 
role as initial data hypersurfaces in the Cauchy problem. On the other hand, 
a k-dimensional timelike submanifold can be interpreted as the history of a (k- 
l)-dimensional spacelike submanifold. Timelike totally umbilic hypersurfaces are 
called photon surfaces and were studied in [3J. In this section we show that in a 
local GRW spaces, photon surfaces are global GRW spaces under certain curvature 
condition. 

Lemma 5.1. Let M be a Lorentzian manifold and E a timelike and unitary vector 
field. If S is a timelike totally umbilic hypersurface and u G TS is a lightlike vector 
with g{u,E) — I, then 

n— 3 

Ric^{u) ~ JCE{span{u, Ci)) 
1=1 

where {ei, ...,e„_3} is an orthonormal basis of n E-^ D TS. 

Proof Suppose that II{X,Y) = g{X,Y)N for aU X,Y e TS. Take u e TS a 
lightlike vector such that g{u, E) — I and {ui, w„} an orthonormal basis with u„ 
the unitary of N. By the Gauss equation and the fact that u is lightlike 

n 

Ric^^{u) = ''^^eig{R{vi,u,u),Vi) = Ric^ (u) + JCE{span{u,Vn)). 

i=l 

Now, take {ei, ...,e„_2} an orthonormal basis of n E-^ such that e„_2 is the 
unitary of the projection of N on Ci E^. Then span{u, u„) = span{u, e„_2) and 
using lemma |4T] 

n-2 

Ric^'^{u) = JCE{span{u, Cj)). 

Therefore Ric^{u) — J^^^i I^E{span{u, ei)). □ 

In the following theorem we denote K, the lightlike sectional curvature for some 
timelike unitary vector field. 
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Theorem 5.2. Let M be a Lorentzian manifold with n > A and U a timelike, 
irrotational and conformal vector field. If S is a timelike, non compact, complete 
and totally umbilic hypersurface of M with never zero mean curvature such that 
/C(n) > for all degenerate plane 11 tangent to S , then S is a global GRW space. 

Proof. Suppose VU ^ a ■ id and //(X, Y) = g{X, Y)N for all X,Y e TS, where 
N is the mean curvature vector field of S. U U — + W, where W G TS, then 

it follows that V^W = (a + .g(iV, U))X for all X e TS, i.e. W is irrotational and 
conformal in S. 

Suppose first that W is parallel in S, that is, a = ~g{N, U). Call c = g{W, W) 
and take the function on S given by h{p) = g{U, U) which is constant on the orthog- 
onal leaves of W. On the other hand, W{h) = 2ac and W{a) = -W{g{U,N)) = 
cg{N,N) + o, ^2g{^N)^ ■ If 7 is an integral curve of W and h{t) = h{j{t)), then 
/i"(to) > at each critical point to of h, showing that h can not be periodic. There- 
fore 7 intersects each orthogonal leaf of W for only one value of its parameter and 
corollarv 12.51 gives us that S is globally a direct product. 

Suppose now that W is not parallel. The above lemma shows that S satisfies 
the NCC condition, and theorem 12. 101 finishes the proof. □ 

Corollary 5.3. Let M be a Lorentzian manifold with n > A and U a timelike, 
unitary and parallel vector field. If K{Tl) > for all plane n & U^, then any 
timelike, non compact, complete and totally umbilic hypersurface of M with never 
zero mean curvature is a global GRW space. 

Proof. If n = span{—U + v,w) is a degenerate plane to the hypersurface, from 
lemma 112] /C[/(n) = K{span{v, w)) > 0. □ 

In general, it is a difficult question to check the completeness of a timelike hy- 
persurface 5 of a complete Lorentzian manifold M. In the case of totally umbilic 
hypersurfaces of a GRW we can give a simple criterium. 

If [/ is a timelike vector field on M, we can define the hyperbolic angle 9 e [0, oo) 
between S and U as the hyperbolic angle between U and the projection of U in S. 
More explicitly, if A'o is the unitary normal to S and U = aNo + W, W ^ N(j- , then 
9 is characterized by 

Cosh9^^=im^. 

^g{U,U)g{W,W) 

Proposition 5.4. Let Rx f L be a complete GRW space. If S is a timelike, closed 
and totally umbilic hypersurface ofl&XfL such that the hyperbolic angle between 
and S is bounded, then S is complete. 

Proof. Let A^o be the normal unitary to S and U = f-^. Suppose II{X,Y) = 
g{X, Y)N and U = aiVo-l-W^, W € Nq . We already know that W is irrotational and 
conformal in S. Let F be the unitary of W. The Riemannian metric gj^ = g+2dt^ = 
dt'^+f'^go is complete, [12] and we have gR{F, F) = -l+2g{^,Ff = -l+2Cosh'^9, 
where 9 is the hyperbohc angle between ^ and S. Therefore gn,{F,F) is bounded 
and thus it is a complete vector field. Using corollary 12.51 there is a Lorentzian 
covering M. Xk. Q ^ S, where h{s) = and 7 is an integral curve of F. We 

can suppose without loss of generality [^[^(o) — 1. Since S is totally umbilic, its 
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lightlike geodesies are geodesies of M x i, thus S and RxhQ are lightlike complete 
and hence Q is complete. If we show that 



then R X/i Q is complete and so is S, 15J. Let T : M x L ^ R be the projection and 
consider the diffeomorphism p = T07 : M ^ R. Then = -g{§^,F) = CoshO < 
c, where c is a certain constant. Since giW, W^)7(s) < g(C/, C^)7(s) = —P{T{'l{s)) it 
follows that 



■' ^ =ds< ds 



Jo y/l + ifop)^ -Jo VTTh^ 



But 



roc 



fit) r f^M 

v/i + (/°P 

r /° 

/o Vl + (/°P(^)) 



00 = / — idt = / — p'{s)ds 

Jo yr+w ^0 v/i + (/°pW)' 



□ 



Example 5.5. Take M = S-^ x R x with metric g = —dt^ + f{t)'^go where 
f{t) — 2 + i?e(e**), go = dx^ + ^gs and gs is the canonical metric in S^. Take the 



universal covering g : M M , F : AI -^M. given by F{t, x,p) ~ x — 2f\s) ^'^ '^'^'^ 

2f dt ^ f 



S = F-i(O). It follows that VF = + and (WF)^ = TS^ ® span{§-^ 



TfBx)' ^^'^j ^ direct computation gives us that IIessp(X,Y) — ^pg{X,Y) for 
all X,Y G VF^ . Hence S is a timelike, closed, non compact and totally umbilic 
hypersurface of M . Since the hyperbolic angle between S and ^ is constant, it 
follows that S is complete. 

Take now 11 a degenerate plane tangent to S. Suppose 11 = span{u,v) where 
g{u,u) = g{u,v) = g{§i,v) = and g{v,v) = g{u, ■§^) = 1. Then u = + w, 
where g{w, w) — 1 and g{w, ^) = g{v, w) — 0. 

Since H is tangent to S , the structure of (VF)-^ implies that v G TS^ and the 
relation g{u, V F) — that w ~ ^^-^ + X , where X G TS^ . Now, if we denote 

the sectional curvature of (R x S^jgo), then {span{v , vu)) — |, therefore, lemma 
give us 



K°{span{v,w))+f"^-f"f | + 2cosffl ^ ^ 

^A(n) p = p > 



If we consider now S = g{S), applying theorem \5.'A it is a global GRW space. 



Example 5.6. From corollarv \5.3\ we can deduce the well known fact that the anti 
de Sitter space ]HI"(r) = {p G Rj^"'^ / (p,p) — ~r^} can not be immersed completely 
in Minkowski space R"^"'^. In fact, if S Gl R"^"'^ is a complete Lorentzian manifold 
with constant negative curvature, then S is totally umbilic, |12j . On the other hand, 
the Gauss equation implies that it has never zero mean curvature vector. Using 
the corollary, S is globally a GRW space. But a GRW space of constant negative 
curvature is incomplete, [15] . 
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6. Uniqueness of GRW space decompositions 

In [4] , the uniqueness of direct product decompositions of a Riemannian manifold 
is studied, where only products into indecomposable factors are considered and the 
uniqueness is understood in the following sense: a direct product decomposition 
into indecomposable factors is unique if the corresponding foliations are uniquely 
determined. Euclidean space admits more than one direct product decomposition, 
but this is essentially the only Riemannian manifold with this property. 

In this section we deal with the uniqueness of GRW decompositions. In this 
case, foliations are induced by a timelike, irrotational and conformal vector field, 
so it is sufficient to study how many such vector fields can exists on a Lorentzian 
manifold, up to scalar multiplication. 

Example 6.1. The de Sitter space §'/(r) {p G M"+^ / {p,p) = r^} admits differ- 
ent timelike, irrotational and conformal vector fields. In fact, if we fix po G K."^^ 
with (poiPo) = then its projection onto r§"(r) is a vector field on §"(7") given 
by Xp = po — ^^"2^^ P and is timelike, irrotational and conformal. Hence, the de 
Sitter space has different GRW decompositions. These decompositions are 

Rxf §"^i(^) where f[t) = ^Cosh{}t + b) with r, fi e IR+ and beR. 

Lemma 6.2. Let M be a complete Riemannian manifold with n > 2 and X an 
irrotational and conformal vector field. Call a"^ = g{X,X), A = {p £ M / a{p) 7^ 
0} and F = If the equation F{F{a)) = —c^cr holds in A, then M is isometric 
to a sphere of curvature c^ , S"(-i). 

Proof. It is known that X has at most two zeroes, [14]. Suppose VX = a -id. Then 
Va = F{a)F = F{F{a))F = -c^aF = -c^X and HesSa = -c^a g in M. Using 
f[14j. Theorem 2, III) we conclude that M is a sphere of curvature c^. □ 

The following theorem shows that the sign of the lightlike sectional curvature is 
an obstruction for the existence of more than one GRW decomposition. In addition, 
we show that the de Sitter space is the unique complete Lorentzian manifold with 
more than one non trivial GRW decomposition. 

Theorem 6.3. Let M be a Lorentzian manifold with n > 3 and U a timelike, 
irrotational and conformal vector field. If there exists another irrotational and 
conformal vector field W , without zeros and linearly independent to U at some 
point p € M , then 

(1) There are degenerates planes 11 ofTpM such that JCeO^) — 0, being E the 
unitary of U . 

(2) // U is not parallel and M is complete then it is isometric to a de Sitter 
space. 

Proof (1) Suppose VW = b ■ id a.nd W = aE + X , where X G E^. Call -A^ = 
g{U, U), = g{X,X). A ^ {p e M : a{p) ^ 0} and define in A the vector field 
F=^. 

Since V eX = (6 - E{a))E and = Eg{X, E) = g{VEX, E) we have b = E(a) 
and VeX = Q. Now, VxX ^ V x{W - aE) = (6 - aE{\n\))X - X{a)E, and 
taking derivative along X m — g{X,X) we have F{a) = b — aE{lnX). Thus we 
get the equation E{a) = aE{\nX) + F{a). On the other hand, F{a) = —aE{\nX). 

Taking derivative along in cr^ = g{X,X) we get E{<t) — and we can easily 
check that [E, XF] = 0. From the expression E{XF{a)) = XF{E{a)) we obtain the 



GLOBAL DECOMPOSITION AS A GRW SPACE 



15 



equation 

(1) FiP{cr)) = ~<7E{E{lnX)). 

Take p £ A and call \{t) — X{j{t)) and (j{s) — a{({s)), where 7 is the integral 
curve of E and ( oi F through p. Then M is locally isometric to (( 
{j^)'^g\Lp) being ^ identified with E. Since X is irrotational and conformal in 
E-^, {Lp,g\^^) is locally isometric to {{—S,5) x S,ds'^ + {^^)^gs), where ^ is 
identified with F. 

Consider the degenerate plane fl = span(—Ep + Fp,v), where v is an uni- 
tary vector orthogonal to Ep and Fp. From lemma 14.21 we obtain /C£;(n) = 
K^''{span{v,X)) — (lnA)"(0). But the curvature formulaes for a warped prod- 
uct gives us K^p{span{v,X)) = ^^^(of from equation [1] we get (lnA)"(0) = 
-^gi. Therefore ICsili) ^ 0. 

(2) Suppose now that M is complete and take 7 : R ^ Ai^ an integral curve of 
E with 7(0) ^p £ A. Since E{a) = we have that 7(i) e A for all t £ M. Then, 
using \E, \F\ — 0, there is a constant fc such that F{F{a)){'-f{t)) = — ^cr for all t, 
and therefore A^(lnA)" — k. 

If A: < the solutions of this differential equation are not positive on the whole 
R and if A: — we obtain an incomplete warped product. If fc > the solutions are 
A(<) = Cosh{Vkct+b) .^yjjgj.g c > 0. Since X{t) is not periodic, 7 can not return to Lp 



and then by coroUarv 12.51 M is isometric to the GRW space M x Lp. 

A(p) 

Now, for any q £ Lp we have F{F{a)){q) = -(j{p)E{E{\n X)){p) = -^cr and 
the above lemma says that Lp is an euclidean sphere of curvature ^^yi . Comparing 



the warping function with that of example 16.11 we see that AI is isometric to the 
de Sitter space of constant curvature c^k. □ 

In the case dimM — 2, M complete and U non parallel, the orthogonal leaves 
of U are trivially isometric to (M,(ia;^) or {S^,dx^). We can obtain as in the above 

proof that A(i) = g^j^^^^ therefore M is isometric to the 2-de Sitter space 

or its universal covering. 

Example 6.4. The completeness hypothesis in theorem \ 6.S\ (2) is necessary as 
is shown by this example. Take {L,go) any Riemannian manifold and consider 
M = (0, 00) X R x L with metric g = —dt^ + t^{ds'^ + e'^'^go)- The vector fields t-^ 
and {t — e")^ "I" '^^^ irrotational and conformal. 

Corollary 6.5. The Friedmann Models admit an unique GRW decomposition, even 
locally. 

Proof. From Friedmann equation and lemma we get /C_o_(n) > for any degen- 

dt 

erate plane 11. □ 
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